Introduction
There are three motivations to study supersymmetric field theories. First, theories with dynamical supersymmetry breaking can be used to solve the hierarchy problem. Second, they are relevant to topological field theories. Finally, they are tractable and can thus be used as testing grounds for various ideas about the dynamics of four dimensional quantum field theories.
In four-dimensional quantum field theory, exact results, aside from those which follow directly from symmetries, are very hard to come by. Supersymmetric theories, however, are different. The combination of the holomorphy of the Wilsonian superpotential, W ef f , with the symmetries and selection rules provides powerful constraints. These constraints should be viewed as "kinematics." When combined with approximate dynamical information about the asymptotic behavior of the superpotential, we can sometimes determine it exactly [1] .
In this paper we continue this line of reasoning and apply it to more complicated systems. Unlike the models analyzed in ref. [1] , where the W ef f turned out to be rather simple functions, here we find highly non-trivial effective superpotentials. These reflect interesting new non-perturbative effects.
We will always be interested in the Wilsonian effective action. If supersymmetry is broken we limit ourselves to scales above the breaking scale, where supersymmetry is linearly realized. We will integrate out the massive modes and focus on the dynamics of the light fields. In this respect we follow the point of view of refs. [2, 3] . An alternate approach [4, 5] uses an effective Lagrangian which also depends on some of the massive fields. We discuss generally how to integrate these massive fields into the low energy theory.
In section 2 we summarize our techniques. The low energy superpotential is constrained by the symmetries and holomorphy as in ref. [1] . The dynamical analysis can proceed in two different ways: we can analyze the asymptotic behavior of the superpotential in various limits, control its singularities, and thus completely determine it. Alternatively, we can derive differential equations that the superpotential satisfies as a function of various coupling constants and thus solve for it.
In section 3 we give a brief review of the dynamics of supersymmetric QCD. Sections
2)
The ± signs in eqs. (1.1) label distinct low energy groundstates, differing in the expectation value of a massive field which is not included in the low energy effective action. The ± sign in the superpotential W n=2 in (1.1) corresponds to two different branches of the square root; they are related by a discrete symmetry of the theory and therefore describe equivalent physics. On the other hand, the ± sign in the superpotential W n=0 in (1.1) labels two inequivalent (unrelated by a symmetry) low energy groundstates. The low energy theory includes then both continuous fields and discrete labels. A similar phenomenon was observed in ref. [6] .
In section 5 we consider an SO(5) × SU (2) gauge theory with a matter field in the representation F = (4, 2) with or without two fields L 1,2 = (1, 2). In terms of the gauge singlet fields X = F 2 and Y = L 1 L 2 , we find the superpotentials to be For W n=1 we were unable to find a closed form expression from the parametric solution in (1.3) . The sign choice in W n=0 in (1.3) is, again, a discrete label in the low energy theory.
The groundstates differing by this sign choice are here related by a symmetry and are thus physically equivalent.
As is clear from eqs. (1.1) and (1.3), the superpotentials are quite complicated. They are generated by a variety of dynamical mechanisms. For example, the large field behavior of W n=1 in (1.1) arises from an infinite sum over instantons whereas the large field behavior of W n=0 in (1.3) arises from an interplay between gaugino condensation in the two groups and an infinite number of instantons. The dynamics leading to the superpotential generally depends upon the region of field space considered; the holomorphic superpotential smoothly interpolates between them.
We conclude in section 6 with an outlook and various speculations.
Techniques
Our general framework is a supersymmetric field theory based on a gauge group G and matter superfields φ i transforming in representations R i of G. The tree level superpotential is W tree = r g r X r (φ i ), (2.1) where X r are gauge invariant polynomials in the fundamental fields. Apart from the tree level couplings g r , we also have gauge couplings: every simple factor G s in G = s G s is characterized by a scale Λ s .
Our analysis proceeds in several steps:
I. We first set the tree level superpotential to zero, i.e. g r = 0. At the classical level there are then "flat directions" in field space where all the gauge D-terms vanish.
The expectation values of the scalar components of φ i in these classical ground states spontaneously break the gauge symmetry. We refer to this space of classical ground states as "the classical moduli space." Instead of using the fundamental fields φ i as coordinates on this space, we can use gauge invariant combinations X r . The X r are the light superfields in the leading approximation; the classical low energy superpotential for them vanishes. It is sometimes the case that the fields X r are constrained classically [7] . In this situation, we can represent the constraint with a Lagrange multiplier in the effective superpotential.
II. is explicitly broken by the coupling constants we can assign transformation laws to these constants such that W ef f is invariant under the combined transformation on the fields X r and the coupling constants. Anomalous symmetries should be viewed as explicitly broken. However, by assigning appropriate transformation laws to the scales Λ s of the gauge groups, they also lead to selection rules.
III.
The dynamics enters through the analysis of W ef f at various asymptotic values of its arguments. In ref.
[1] the weak coupling limit of small g r , small Λ s , and large fields X r was powerful enough to completely determine W ef f . In our new examples these constraints do not uniquely determine W ef f and therefore we also need to study other limits. Among these limits will be strong coupling and small fields X r . The key fact is that W ef f , by holomorphy, is completely determined by its behavior at various asymptotics and by its singularities.
A special limit that is often useful is when one of the matter fields is very heavy.
Its mass m is one of the coupling constants g r . When it is large the massive field can be integrated out. We can do this either in the microscopic gauge theory or in the effective low energy theory. The first of these yields a new microscopic gauge theory with fewer matter fields and whose coupling constants, g r and Λ s , depend on m. The low energy effective superpotential of this theory should be the same as the one obtained by integrating out the appropriate fields in the effective Lagrangian of the original theory.
It is often the case that the two kinematic conditions and the dynamics at small g r constrain the effective superpotential to be of the form
i.e. it is linear in the g r 's (W dyn includes the Lagrange multiplier terms for the various constraints that the composite fields X r should satisfy). This is the case in all of our examples. When this is not the case, we conjecture that it is always possible and natural to re-define the fields X r as a function of the g r to bring the superpotential to the form (2.2) (for a related discussion see ref. [9] ). Now let us integrate out some field, say X 0 .
The resulting superpotentialW ef f is obtained by solving
for X 0 as a function of all the other fields X r (r = 0) and all the coupling constants g r , and substituting back into W ef f . ClearlyW ef f is not linear in g 0 . To see that it is linear in all the other g r 's, note that
This suggests the definition ofW dyñ
which depends on the light fields X r (r = 0), the scales Λ s and g 0 . An equation similar to
A slight generalization of the previous discussion involves the gauge coupling constants. Unlike the g r , our effective Lagrangians do not involve any field which couples linearly to the gauge coupling constants. The reason for this is that the corresponding fields S s = −(W However, by repeating the previous discussion with g 0 replaced by ln Λ n s s , where n s is determined by the one loop beta function (e.g. for SU (N c ) gauge theory with N f quark flavors in the fundamental and antifundamental representations, n = 3N c − N f ), we learn
In deriving (2.7) we are assuming that the effective superpotential with the S s included is linear in ln Λ n s s , as with the other couplings g r in (2.5) . This is the case in all our examples and, as with the other g r , we conjecture that it is always true.
To summarize, we conjecture that at every scale the superpotential has the form
where W dyn depends on the fields X r and on the coupling constants of the fields X 0 and S s which have been integrated out such that ∂W dyn ∂g r = 0 for r = 0
These equations can be used in two different ways: 2. If we know the g 0 dependence of W dyn at some scale, we can find the expectation value of the massive field X 0 and using this information we can find the superpotential before it has been integrated out (we will refer to this procedure as "integrating in").
As explained in point 2 above, we can use the "integrating in" procedure to construct an effective Lagrangian similar to that of ref. [4] which is equivalent to (2.10). Note that (2.12) applies more generally to off-shell X r .
Review of a simple example: supersymmetric QCD
In this section we illustrate some of our basic ideas and conventions in the context of a well studied example: supersymmetric SU (N c ) gauge theory with N f flavors of matter superfields Q cf andQ cf in the representations N c andN c , respectively, of SU (N c ).
Kinematics: symmetries and holomorphy
The exact Wilsonian effective superpotential for supersymmetric QCD is completely Quantum mechanically, one linear combination of the above U (1) currents is anomalous. Rather than finding linear combinations for which the anomaly cancels, it is possible to use the anomaly to find selection rules. Following the spirit of [7] , we think of
, which is the coupling for S, as a background chiral field. It is seen that the anomaly in each of the U (1) transformations can be canceled by combining them with a transformation of Λ
(the exponent is given exactly in our Wilsonian treatment by the one loop beta function [8] ). The charge to be assigned to the scale in order to cancel the anomaly is related to the charge assignments of the quarks ψ cf and ψ cf and the gauginos λ by ∆ has charge one under each of the 2N f U (1) symmetries and it has zero R-charge. Using
also has charge one under each of the 2N f U (1) symmetries and it has charge 2(N c − N f ) under the R-symmetry. Therefore, the exact superpotential is
where a is a constant. For a single gauge group, our use of the additional symmetry which is broken by the anomaly (through an expectation value of Λ) only gave information which could have been obtained anyway by using dimensional analysis, as was done in ref. [2] . In the examples considered in this paper, however, it will be crucial for disentangling effects associated with several gauge groups. 
Dynamics: instantons or gaugino condensation
We now review the dynamics [3] leading to the superpotential (3.2). In the case where
, the gauge group is completely Higgsed and so instanton methods are reliable.
The Λ dependence of (3.2) indicates that the superpotential for this case is associated with a single instanton in the completely Higgsed SU (N c ). An explicit instanton calculation leads to (3.2) with a non-zero coefficient a [3] . It turns out to be natural to define the scale Λ N c ,N c −1 so that a=1 in this case. To relate this Λ to, say, Λ M S requires a detailed instanton calculation. Fortunately, such information is unnecessary for our purposes.
Having defined our normalization convention for the case of N c −1 flavors, the constant a in (3.2) can be determined for all N f < N c by adding mass terms for N c − N f − 1 of the flavors and integrating them out. The symmetries and holomorphy imply that the exact superpotential for the theory with the mass terms is
For energy scales below the m f , we integrate out the massive flavors by solving for them using their equations of motion obtained from (3.3) and find
where 
(here we absorb a possible threshold factor into our definition of Λ N c ,N f ). Note that, as in (2.6), we can take ∂ ∂m f of (3.4), using (3.5), to recover the expectation values of the fields which have been integrated out: 
As before, we absorb the order one threshold coefficient into the definition of Λ (N c −N f ),0 .
The superpotential (3.4) is thus given by
where Λ (N c −N f ),0 is to be thought of as a function of ∆ and the high-energy scale Λ N c ,N f .
gives the gaugino condensate
Indeed, superpotential (3.4) with Λ N c ,N f held fixed is exactly equivalent to the low-energy superpotential, obtained by inserting (3.8) into the WZ term Finally note that if we add mass terms for all of the flavors and integrate them out, (2.7), along with the equations of motion and the matching condition on the scales, gives
with a normalization consistent with (3.8) . Using the equations of motion from (3.4) plus the added tree-level mass terms, we also find
The equality m f Q cfQ cf = S , seen from (3.10) and (3.11), is also a consequence of the Konishi anomaly; this provides a non-trivial check on our normalization conventions.
Continuous moduli spaces of inequivalent vacua for
We can describe the theories with N f ≥ N c by starting with the theory with N f = N c − 1, "integrating in" very massive and thus decoupled matter, and then reducing the mass terms until the extra matter appears in the low energy theory. The central feature of the theories with N f ≥ N c is that, even at the non-perturbative level, they have a moduli space of vacua.
For example, when N f = N c we see from eq. (3.4) that no invariant superpotential exists. Thus there is a continuum of inequivalent vacua corresponding to different squark expectation values subject to the D-flatness conditions. As discussed in ref. [7] , this moduli space of vacua differs from the classical space of D-flat vacua. Classically the singlets
However, at the quantum level this is modified (by instantons) to 12) where for N c =2 the constraint is in terms of the SU (2) singlet fields
which transform as a 6 under the SU (4) F flavor symmetry.
For N f = N c + 1, the quantum moduli space of vacua coincides with the classical space [7] . The singularity at the origin in this case is resolved by having extra light fields come down.
Illustrative examples based on
In this section we illustrate some of our basic points and techniques in the context of a class of very simple examples based on SU (2) 1 × SU (2) 2 gauge theory.
Matter content
There are two independent classical D-flat directions, which can be labeled by X =
At generic values of X and Y the gauge group is completely broken. At the classical level, for X = 0 SU (2) 1 is unbroken and for
The symmetries U (1) Q , U (1) L ± and U (1) R , with charges assigned as in (3.1) to the scales Λ 1 and Λ 2 of SU (2) 1 and SU (2) 2 , determine the superpotential to be of the form
Note that for Λ 1 → 0 the superpotential goes to zero, which is the proper behavior for the SU (2) 2 gauge theory with four doublets, as discussed in the previous section.
In order to determine the function f (u =
XY ) we first study the limit u → 0. A term in f proportional to u n has a Λ 1 and Λ 2 dependence characteristic of an SU (2) 1 × SU (2) 2 effect with instanton charges (1, n). Because the gauge group is completely broken, we only expect contributions associated with instantons -i.e. only terms proportional to u n with n integer. For small u, f thus has the expansion
If we set Λ 2 =0, the theory is SU (2) with one flavor (two doublets) and (3. Now we weakly gauge SU (2) 1 . In this limit of Λ 2 ≫ Λ 1 , the theory is simply SU (2) 1 gauge theory with the two doublets A ± and the two singlets X and Y , satisfying the constraint The singularity of the superpotential at u=1 is given by (3.4) for SU (2) 1 with the two doublets A ± . We thus have in the limit
where µ is a dimensionful normalization factor, needed because A ± are not canonically normalized doublets but, rather, composites. Comparing with (4.1), it is seen that µ=Y g(u)
for some function g and thus
(4.6)
By holomorphy, the superpotential must be of the form (4.6) for any values of the fields X and Y and scales Λ 1 and Λ 2 . Finally, we note that the holomorphic function g(u) can not have any singularities in the entire complex u−plane (including infinity); therefore, g(u) must be a constant. Comparing with the known first term in (4.2) at u=0, we find g(u)=1. Therefore, the exact superpotential for this theory is
The superpotential (4.7) exactly sums the multi-instanton expansion (4.2).
We can re-derive the superpotential (4.7) as the solution of a differential equation by adding mass terms for the matter fields and integrating them out. Adding mass terms to the superpotential (4.1), holomorphy and the symmetries determine the exact superpotential to be
(note that as in eq. (2.5), this is linear in the couplings m X and m Y ). Below the scales set by the masses, we can integrate out the matter fields to obtain pure-glue
Yang-Mills theory. The gaugino condensates in this low-energy theory can be expressed in terms of the high-energy couplings by taking account of the charges of these couplings under the U (1) Q , U (1) L ± and U (1) R symmetries and the fact that the condensates must have charge zero under the U (1) symmetries and charge two under U (1) R . This gives
where ǫ 1,2 = ±1 and f 1 and f 2 are functions. In the limits of large m X or small Λ 2 , we can reliably determine S 1 by using (3.10) in the low-energy SU (2) 1 Yang-Mills theory and matching the low-energy scale to our high-energy scales; this gives a condensate as in (4.9) with f 1 =1. Since the argument of f 1 is independent of m X , the function f 1 =1 identically.
Similarly, we can reliably determine that the condensate S 2 must be independent of Λ 1 in the limit of large m X and hence f 2 must be a constant. The limit where m Y is also large determines f 2 =1. Thus
We can use these equations together with the (assumed) relations of eq. (2.9) 
a comparison of (4.10) and (4.11) with the superpotential (4.8) gives differential equations for the function f (u):
which uniquely determine f = 1/(1 − u) and thus, in agreement with (4.7),
This agreement can be used as further evidence for the assumption (2.7).
We also note that we can take our result (4.7) and "integrate in" the massive fields S 1 and S 2 . The superpotential which satisfies (2.9) and which gives (4.7) upon integrating out S 1 and S 2 is W = S 1 ln Λ 5 1
The first two terms would be expected following the analysis of [4] for the SU (2) 1 and SU (2) 2 theories. The second two terms indicate the "interaction" between the two gauge groups. A suggestive way to write (4.12) is as
The first two terms in (4.13) can be associated purely with SU (2) 1 and SU (2) 2 , respectively. The third term is associated with the matter field Q = (2, 2) and the fourth is associated with the L ± . The expression (4.13) naturally generalizes, as we will discuss.
Matter content Q = (2, 2)
If we add a mass term to (4.7)
we can integrate out L ± to obtain the superpotential for an SU (2) 1 × SU (2) 2 theory with matter content Q = (2, 2). Y is easily integrated out; there are two solutions to its equation of motion leading to To further illuminate these two inequivalent vacua, we add a mass term for the field X and consider integrating it out. Using the symmetries, the gaugino condensates in the low-energy SU (2) 1 × SU (2) 2 Yang-Mills theory are of the form
and
where ǫ 1 and ǫ 2 are ±1 and f 1 and f 2 are functions. In the limit of large m X we can reliably compute the condensates in (4.16) by using (3.10) in the low energy Yang-Mills theory and matching the low-energy scale to the scales of the high-energy theory which includes the massive field Q; this gives f 1 =1 and f 2 =1. Thus, there are four ground states given by the condensates
In the pure-glue SU (2) 1 × SU (2) 2 theory all four states would be related by a symmetry. Here, the two states with ǫ 1 =ǫ 2 are indeed related by the spontaneously broken Z Z 4 symmetry of SU (2) D . Likewise, the two states with ǫ 1 =−ǫ 2 are related by this symmetry.
On the other hand, the pair of states with ǫ 1 =ǫ 2 are not related by a symmetry to the pair of states with ǫ 1 =−ǫ 2 ; they are physically inequivalent. They differ because of the interactions with the high energy massive sector. In particular, the massive field Q has the expectation value m X X = ǫ 1 m
2 . Another way to understand this is the following. In the low energy theory we can perform independent rotations of the two θ parameters. The four ground states are related by θ i → θ i + 2π (i.e.Λ 6 i → e 2πiΛ6 i ). In the full theory which includes the field Q, the combination θ 1 + θ 2 can be rotated away but θ 1 − θ 2 is physical. Therefore, the two pairs of states related by simultaneous shifts of the two theta parameters θ i → θ i + 2π (i.e. If we integrate the massive fields S 1 and S 2 into our superpotential (4.15) we obtain
This, again, can be written in the suggestive form
corresponding to terms associated with SU (2) 1 , SU (2) 2 , and the matter field Q.
Matter content
The basic gauge singlets are X = Q 2 and V ij = L i L j . Under the SU (4) F flavor symmetry which rotates the L i , V ij transforms as a 6. Since our superpotential must be built from SU (4) F singlets, it can only involve X and Pf V . Using the U (1) Q , U (1) L i and U (1) R symmetries, with the scales Λ 1 and Λ 2 assigned charges in accordance with (3.1), the exact superpotential is determined to be of the form
In the limit Λ 2 → 0 we expect to find a superpotential corresponding to f = 1, coming from an instanton in SU (2) 1 . On the other hand, for Λ 1 → 0 the theory is SU (2) 2 with six doublets so there is a moduli space of vacua with a singularity at the origin, corresponding to the fact that there are extra light fields there [7] .
In order to determine the superpotential, we begin with Λ 1 =0. The theory is then SU (2) 2 with the six doublets (three flavors) Q α and L i , where the flavor indices α = 1, 2 and i = 1 . . . 4. There is a global flavor SU (6) F ; the basic SU (2) 2 gauge singlet U transforms as the 15 of SU (6) F . In terms of our original fields, U has the components U αβ = Xǫ αβ , U ij = V ij , and U αi . As in ref. [7] , all fifteen fields in U are physical fields in the spectrum. A superpotential is dynamically generated which gives six of these fields masses along a flat direction:
where Pf 6 is a Pfaffian over the SU (6) indices, Pf is taken over the SU (4) indices,
We now gauge SU (2) 1 ⊂ SU (6) 
Along the flat direction labeled by an expectation value for V , the superpotential (4.24)
gives masses to the fields U αi which were not in our original list of fields. Thus, away from V =0, we can integrate the field Γ out of (4.24). Upon integrating out A to implement the constraint on Pf Γ, the Γ equation of motion gives Γ · V = ±2 Λ 5 1 Pf V /Λ 3 2 and (4.24) becomes The massive fields S 1 and S 2 can be integrated in, as in the previous examples. The result is
If we integrate Γ out of (4.27) using the equations of motion
eq. (4.27) becomes
Pf V . requiring the result to agree with those of the previous sections upon integrating out some of the L i . We thus consider
Suppose we take V and the mass terms m V to be of the form
with m Z > m Y . At the scale m Z we integrate out Z. We should then obtain the superpotential (4.14) in the low energy theory with only two L i . Rewriting the scales there in terms of our high-energy scales here using the matching condition at m Z , (4.14) becomes 
On the other hand, the V equation of motion obtained from (4.29) is
We know that (4.33) and (4.34) must agree. Taking the Pfaffian of (4.33) and (4.34) gives
Comparing we get f 
Also, note that if we integrate out X we are left with a low energy SU (2) 2 theory with the four doublets L i . The equation of motion obtained from (4.25) upon integrating out
, whereΛ is the scale of the low energy SU (2) 2 theory, in agreement with (3.12).
Examples with SO(5) × SU (2) symmetry and gaugino condensation

Matter content F = (4, 2)
The gauge singlet combination is X = Since the gauge group is not completely broken, we expect to find non-perturbative effects associated with gaugino condensation in the unbroken gauge groups rather than with instantons.
The discussion of sect. 3 generalizes to other gauge theories very simply: 2N c is replaced in the various formulae with the index of the adjoint representation of the gauge group and 2N f is replaced with the sum of the indices of the matter representations.
In particular, for SO(5) with two 4's we replace N c with 3 and N f with 1. Using the U (1) F × U (1) R symmetries with (3.1) and its SO(5) analog, the superpotential is found to have the form
Along the flat direction with large X, the low energy theory is just the unbroken 
The overall sign of the superpotential corresponds to two physically equivalent branches of the square root (Λ 8 5 /X) 1/2 in (5.1). We can thus take the first sign choice in (5.2) to be positive. The relative sign choice between the first two terms is a discrete label, associated with massive fields, which is needed in the low energy theory to specify the groundstate.
As we will see, it is related to a spontaneously broken discrete symmetry.
To further examine the function f , let us turn off Λ 5 for the moment and go to the region of strong SU (2) coupling. The basic SU (2) singlet combinations, V ij = F ir F js ǫ rs , form a 6 of SU (4) F . When SO (5) is gauged, we decompose this 6 as
where X is as defined above, J is the SO(5) singlet mentioned above, and E, satisfying TrJE = 0, transforms as an SO (5) vector. The constraint (3.12) yields
3)
The vector E breaks SO(5) to an SO(4) ≡ SU (2) L × SU (2) R subgroup. This is to be compared with the SU (2) ′ × SU (2) D , mentioned above, which is unbroken in the weak coupling regions of field space. We see from (5.3) that, because of the modified moduli space associated with SU (2) instantons, SO (5) is unbroken at the two points X = ±2Λ In an SO(5) theory with a single canonically normalized vector v, gaugino condensation in the unbroken SU (2) L × SU (2) R leads to a dynamically generated superpotential
the fact that S L and S R are ± 
Suppose that near one of the two points of unbroken SO(5), X = 2ηΛ 2 2 where η can be either ±1, S L = S R . Using (5.4) with (5.5), the superpotential behaves in this vicinity as
where we have used the fact that µ v ∼ Λ 2 in this regime. There is a unique holomorphic superpotential with the small u and large u asymptotics mentioned above and the singularity structure of eq. (5.6):
The superpotential (5.7) is thus the exact effective superpotential for the theory. The phase η appearing in (5.7) is a discrete label which, comparing with (5.2), is the relative sign of the SU (2) ′ and SU (2) D gaugino condensates.
The two choices of groundstates labelled by η are physically equivalent: there is a discrete Z Z 8 R-symmetry under which X(θ) → −X(e iπ/4 θ), which takes W (X, η) → iW (−X, η) = W (X, −η). For a given value of η, the superpotential (5.7) is singular at the point X = 2ηΛ The exact result presented above can be re-derived from (2.9) by adding a mass term for F . With the mass term, the exact superpotential is determined by the symmetries to be W = Λ On the other hand, the gaugino condensates in the low-energy SO(5) × SU (2) pure YangMills theories are given by (3.10) which, expressed in terms of the original scales using the matching conditions, are:
with ω 3 = 1 and η 2 = 1. Equations (5.9) and (5.10) must agree for every m X . Using the equations of motion from (5.8) to solve for m X , this gives the equations
which uniquely determine
If we integrate the massive fields S 5 and S 2 into expression (5.7) we obtain the super-
where in the last expression the first two terms look like they arise from the SO(5) and SU (2) gauge groups and the last term from the matter field.
1 Actually, the second of these equations has been determined a posteriori. The symmetries allow the equations in (5.9) to be multiplied by holomorphic functions f 5 and f 2 of Λ
2 . The function f 5 is determined to be one for large m X or for small Λ 2 and is therefore identically one. The function f 2 is known to be one for large m X or small Λ 5 , i.e. only when its argument is small. However, the information contained in the first equation is sufficient for what follows and, indeed, determines that f 2 =1 identically. Consider adding a mass term m Y Y to the superpotential. In the limit of large mass, we can integrate out Y to obtain the model of the previous subsection, a model for which we know the superpotential. Adding the mass term, we have
Matter content
Integrating out Y gives
As a function ofΛ 
with η = ±1. This equation, along with some regularity conditions, can be used to determine g(v). We are only able to provide a parametric solution to (5.14)
with α 1/2 = η. The solution g(v) is, then, independent of the sign choice η.
Consider expanding (5.14) or (5.15) in the region of small v: g(v) = n a n v n . The n th term has the quantum numbers to be associated with SO(5) × SU (2) "instantons" with charges ((n + 1)/2, n), where terms with fractional instanton charges are presumably associated with gaugino condensation. Using (5.14) or (5.15) we find 
Conclusions
To conclude, some of the non-trivial, non-perturbative dynamics involved in supersymmetric gauge theories can be explored by a study of their superpotentials. Symmetries, holomorphy, and decoupling of heavy fields provide powerful tools which can often be used to obtain highly non-trivial superpotentials exactly.
We have demonstrated the power of these techniques in a variety of models. Some of our techniques, for example adding mass terms to decouple fields, are particular to theories with matter fields in real representations of the gauge group. Others are more general.
We have discussed the unusual procedure of "integrating in" -adding massive fields to the low energy theory. Usually, such a procedure is ambiguous because there are many theories with a massive field leading to the same low energy theory. With the assumption that the theory with the massive field is linear in its source the ambiguity is resolved. In all of our examples this assumption was true.
Using this assumption we could also integrate in the fields S s . We noticed that in all our examples the resulting superpotential is of the form i q i (Y t ). The first term in (6.1) can be interpreted as arising from the gauge sector and the second term is from the matter fields. It is easy to check that (6.1) is invariant under all the global symmetries, including the anomalous ones, and leads to the Konishi anomaly, eq. (2.10).
Clearly, we do not have a proof of eq. (6.1). However, given that it was observed to be satisfied in a variety of examples, we conjecture that it is true under some wide range of circumstances, thus generalizing the effective Lagrangians of ref. [4] .
It should be noted that eq. (6.1) is sometimes of limited use. In some models it is valid but only if more fields X r than those which are obvious from the classical flat directions are included. Also, symmetry considerations might not be powerful enough to determine the polynomials Y t and F t . In these cases, eq. (6.1) is still correct but additional dynamical information, along the lines presented in this paper, is necessary to obtain the correct superpotential.
Several of the phenomena which we have observed and the tools which we have used are similar to those which have been encountered in two-dimensional N =2 supersymmetric field theories. For example, our superpotentials are sometimes given by an infinite sum over instantons similar to the Yukawa couplings in Calabi-Yau compactifications. One of the techniques which allowed us to perform the sum is the use of differential equations. These are somewhat reminiscent of the differential equation of ref. [11] and the tt * equations of ref. [12] . Also, the fact that we can "integrate in" fields is similar to the situation in 2d gravity coupled to minimal model matter where the KdV equation allows one to "flow up" the renormalization group trajectory. Since all these two dimensional phenomena are related to an underlying topological field theory, it is natural to conjecture that our exact results also have topological interpretations.
Although our techniques rely crucially on supersymmetry, we hope that the exact results we obtain will be useful in gaining general insight concerning the dynamics of four dimensional gauge theories. Finally, it is worth mentioning that exact results about the superpotentials of supersymmetric gauge theories are also essential for finding a viable model of dynamical supersymmetry breaking.
